We prove that an irreducible polynomial derivation in positive characteristic is a Jacobian derivation if and only if there exists an ( − 1)-element -basis of its ring of constants. In the case of two variables we characterize these derivations in terms of their divergence and some nontrivial constants.
Introduction
Nowicki and Nagata proved in [12, Theorem 2.8 ] (see also [11, Theorem 7.1.4] ), that the ring of constants of a nonzero polynomial derivation in two variables over a field of zero characteristic is generated by a single element. They also obtained an analog of this fact in characteristic 2 [12, Proposition 4.2] . Namely, they showed that the ring of constants of a nonzero -derivation of the polynomial algebra [ ], where is a field of characteristic 2, is generated by a single element over [ 2 2 ]. Nowicki and Nagata observed that this property does not hold in characteristic > 2 [12, Example 4.3] .
In [3, Theorem 5.6] , the author obtained a characterization of -homogeneous derivations of the polynomial algebra [ ], where is a field of characteristic > 0 such that the ring of constants is generated by a single element over [ ]. These results were partially generalized to derivations homogeneous with respect to arbitrary weights in [4, Theorem 11] . The characterization of such single generators (that is, one-element -bases) was obtained in [6, Theorem 4.2] , while the characterization of many-element -bases was obtained in [8, Theorem 4.4] . In this paper we apply the mentioned new results from [6] and [8] to some older questions from [3] and [4] .
In Theorem 3.4 we consider a nonzero K -derivation of the polynomial algebra K [ 1 ] over a unique factorization domain K of characteristic > 0 such that ( 1 ) ( ) are coprime. We prove that is a Jacobian derivation if and only if its ring of constants has a -basis over K [ 1 ] consisting of − 1 elements. In Theorem 4.5 we obtain a generalization of [3, Theorem 5.6 ] to arbitrary polynomial derivations in two variables in positive characteristic.
Preliminary definitions and facts
Throughout this paper by a domain we mean a commutative ring with unity, without zero divisors. Let A be a domain of characteristic > 0. If is a derivation of A, then its kernel is called the ring of constants, and is denoted by A . Note that if A is a K -algebra, where K is a domain of characteristic > 0, then every K -derivation of A is a KA -derivation, where A = { : ∈ A}. Recall ([3, Theorem 1.1] and [5, Theorem 2.5] ) that if A is finitely generated as a K -algebra, then a subring R ⊂ A is the ring of constants of some K -derivation of A if and only if it satisfies the conditions
where R 0 denotes the field of fractions of R. Note also that every K -derivation of A can be uniquely extended to a K 0 -derivation δ of the field A 0 in such a way that δ( / ) = ( ( ) − ( ))/ 2 for
, where K is a UFD, and = gcd( ( 1 ) ( )), then = / is an irreducible K -derivation of A, that is, ( 1 ) ( ) are coprime. Note that derivations and have the same ring of constants, so, if we are interested in rings of constants, it is enough to consider irreducible derivations. 
is called the divergence of (see [11, 2.3] ). For any element belonging to K [ 1 ], resp. L( 1 ), we have ( ) * = * + ( ). Hence, if ( ) = 0 then ( ) * = * .
Given polynomials
, where jac denotes the usual Jacobian determinant with respect to 1 . A derivation of the form F is called a Jacobian derivation. In a similar way we define a Jacobian derivation of the field of rational functions L( 1 ) over a field L. Recall that a Jacobian derivation has zero divergence ([2, Lemma 3.8, p. 58], the arguments are characteristic-free).
In the case of the polynomial algebra in two variables K [ ], where K is a domain, a Jacobian derivation is defined by a single polynomial ∈ K [ ], and we denote it simply , so ( ) = jac( ) for ∈ K [ ]. We see that is the zero derivation if and only if
Let 
Jacobian derivations in variables
The following lemma is a positive characteristic analog of [9, Lemma 6] (see also [2, Lemma 3.6, p. 57]).
Lemma 3.1.
Let L be a field of characteristic > 0. Assume that rational functions 
Corollary 3.2.
Let K be a UFD of characteristic > 0. Assume that polynomials
such that ∼ gcd( ( 1 ) ( )).
Proof. Put
. Consider extensions of and F to B 0 -derivations of A 0 : δ and δ F , respectively. By Lemma 3.1, δ = δ F for some ∈ A 0 . Put = / , where ∈ A, = 0, gcd( ) ∼ 1. Then = F . Now, observe that | F ( ) for = 1 , so |F , that is, F = for some ∈ A. We obtain F = = F = F , where = , and we have then
Recall that F = 0, because 1 −1 are -independent over B. Finally, ∼ gcd( ( 1 ) ( )).
The following property of Jacobian derivations has been observed by Makar-Limanov in [9, Lemma 7] (see [2, Lemma 3.7, p. 57]) in the case of characteristic 0.
Corollary 3.3.
Let L be a field of characteristic > 0. Assume that rational functions . Hence, G = F for = −1 . Now, comparing the divergence, we obtain
Proof. If
In the following theorem we obtain a characterization of derivations with ( − 1)-element -basis of the ring of constants. 
. We have F ∼ 1 and ∼ 1, so
Jacobian derivations in two variables
In this section we consider the polynomial algebra K [ ], where K is a UFD of characteristic > 0. Recall Lemma 5.1 and Proposition 5.4 from [3] . Note that K was a field in the original formulations, but the proofs are valid for K being a UFD.
Lemma 4.1.

Let be a K -derivation of K [
] and let
(a) Then is a Jacobian derivation if and only if * = 0, 0 −1 = 0 and −1 0 = 0. 
Proof. Observe that ( ) = ( − ( ) ) = 0 and that is -independent over K [ ], so from Corollary 3.2 we obtain that = for some ∈ K [ ] such that ∼ gcd( ( ) ( )) ∼ 1, so is an invertible element of K . Hence
By the assumption, − ( ) = 0, so ∈ K [ ], and then ∂ /∂ = 0 or ∂ /∂ = 0. If, for example, ∂ /∂ = 0, then
By the minimality of − ( ) we infer that − ( ) = 0, so ∈ K [ ].
In the next proposition and Theorem 4. Thus 
Theorem 4.5.
Let K be a UFD of characteristic > 0. Let be a nonzero K -derivation of the polynomial K -algebra K [ ] such that ( ) and ( ) are coprime. The following conditions are equivalent: Jacobian derivations in characteristic zero have many nontrivial properties (see [1, 9] , [2, Sections 3.2, 3.4]). Remark that the proof of Corollary 3.3, based on the properties of divergence, after an easy adaptation works also in characteristic 0.
